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We derive the leading non-global logarithms (NGLs) of ratios of jet masses m1,2 and a jet energy
veto Λ due to soft gluons splitting into regions in and out of jets. Such NGLs appear in any
exclusive jet cross section with multiple jet measurements or with a veto imposed on additional
jets. Here, we consider back-to-back jets of radius R produced in e+e− collisions, found with a cone
or recombination algorithm. The leading NGLs are of the form α2s ln
2(Λ/m1,2) or α
2
s ln
2(m1/m2).
Their coefficients depend both on the algorithm and on R. We consider cone, kT, anti-kT, and
Cambridge-Aachen algorithms. In addition to determining the full algorithmic and R dependence
of the leading NGLs, we derive new relations among their coefficients. We also derive to all orders
in αs a factorized form for the soft function S(kL, kR,Λ) in the cross section σ(m1,m2,Λ) in which
dependence on each of the global logs of µ/kL, µ/kR and µ/Λ determined by the renormalization
group are separated from one another and from the non-global logs. The same kind of soft function,
its associated non-global structure, and the algorithmic dependence we derive here will also arise in
exclusive jet cross sections at hadron colliders, and must be understood and brought under control
to achieve precise theoretical predictions.
I. INTRODUCTION
Observables of varying exclusivity can be used to probe
the jetlike structure of final states in high energy colli-
sions [1, 2] or even the substructure of the jets them-
selves [3]. While more exclusivity reveals more infor-
mation about structure, it also introduces dependence
on additional scales, ratios of which induces potentially
large logarithms in perturbative expansions.
Non-global observables [4, 5] are those for which soft
radiation in sharply divided regions of phase space are
probed with different measures. For example, measur-
ing separate masses m1,2 of two back-to-back jets pro-
duced in e+e− collisions generates non-global logarithms
(NGLs) of m1/m2. Measuring the total invariant mass
of a two-jet-like final state, m2 = m21 + m
2
2, however,
generates no NGLs since the soft radiation everywhere is
probed “globally” with a single scale m. Global logs like
those of m/Q in such a cross section can be resummed
using well-known methods (e.g. [6]). The most power-
ful of these are based on the renormalization group (RG)
evolution of hard, jet and soft functions in a factorization
theorem for the global observable in perturbative QCD
[7, 8] or soft-collinear effective theory (SCET) [9–13].
To be more precise, for the example of the hemisphere
dijet mass distribution, a factorization theorem for the
distribution in m21,2 takes the form [14, 15]
σ(m21,m
2
2) = σ0H(Q,µ)
∫
dkLdkRJn¯(m
2
1−QkL, µ)
× Jn(m22−QkR, µ)S(kL, kR, µ) + · · · ,
(1)
where kL,R measure the small light-cone components
n¯ ·k, n ·k of the total momenta in each hemisphere, where
n, n¯ = (1,±zˆ) with +zˆ along the jet axis in the right (R)
hemisphere. The soft function S can be expressed as a
convolution of perturbative and nonperturbative pieces
[16], but we only consider its perturbative component
here. The hard function H depends only on logs of µ/Q
and the jet functions J1,2 depend on logs of µ/m1,2, but
the soft function depends on logs of µ/kL, µ/kR, and
kL/kR. The µ-dependent “global” logs can be resummed
by RG evolution, but the logs of kL/kR are non-global
and not resummed by the ordinary RG. In other words,
logs of the ratio of any single soft scale to the hard scale
or either jet scale can be resummed by running between
those scales. But logs of ratios of soft scales among them-
selves cannot be resummed by using a framework that
only contains one soft mode and thus one soft scale to or
from which RG evolution can be performed.
Another case in which multiple soft scales appear is
when two jets i, j in a multijet event come close together.
This introduces the soft scales m2i /mij and m
2
j/mij , as-
sociated with the “fat” dijet, in to the cross section, in
addition to the usual soft scales, m2i /Q, associated with
individual jets. Logs induced by these additional soft
scales can be summed using the effective theory SCET+,
an extension of SCETI that contains a “collinear-soft”
(csoft) mode [17]. This was the first factorization of
a multi-scale soft function that allows for complete re-
summation of all the resulting large logarithms in the
cross section. These logs should be distinguished from
non-global logs, which come from making measurements
in different regions of phase space and are ratios of soft
scales (e.g., mi/mj).
NGLs were first recognized in [4] in e+e− dijet event
shape distributions in which the mass of only one hemi-
sphere jet ρR = mR/Q is measured while being inclusive
in the other hemisphere, and in a larger class of event
shapes in deep inelastic scattering in [18]. Subsequently,
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2Refs. [5, 19, 20] studied NGLs of Λ/Q in cross sections
vetoing radiation with total energy greater than Λ in an-
gular regions outside of found jets. Though a hard scale
Q appears in these ratios, we found in [21] that the NGLs
still arise from considering both scales in the ratio to be
soft and later taking one of them to Q in an inclusive
limit.
In [21] we made progress in understanding the ori-
gin of NGLs in effective field theory. We considered the
factorized dijet invariant mass distribution σ(m1,m2) in
e+e− collisions producing back-to-back jets, and calcu-
lated to O(α2s), as also in [22], the hemisphere soft func-
tion S(kL, kR). These calculations clarified the origin of
NGLs in an EFT framework as the dependence of a soft
function on ratios of multiple soft scales, and revealed
new subleading (single) NGLs and non-logarithmic non-
global functions.
These NGLs are organized into a multiplicative factor
entering the total cross section, with the leading NGLs
taking the generic form
SNG(µ1/µ2) = 1− α
2
s
(2pi)2
CFCAS2 ln
2 µ1
µ2
+ · · · . (2)
Here µ1,2 are the scales at which soft radiation is probed
in different sharply-divided regions. For the hemisphere
mass distribution µ1,2 = m
2
1,2/Q and S2 = pi
2/3. For
the ρR distribution, µ1 = QρR while µ2 = Q due to
total inclusivity in one hemisphere. The coefficient S2
is a geometric measure of the region into which the two
soft gluons contributing to a NGL can go. The fact that
it varies with the size of this region is due to the NGL
arising from a purely soft divergence of QCD. Techniques
to resum NGLs using numerical fits in the large-NC limit
of QCD were introduced by [4], but analytic resummation
of NGLs in real-world QCD remains an open problem.
In this work we seek to extend the intuition gained in
[21] by studying a more exclusive set of cross sections.
We study non-global properties of an exclusive jet cross
section σ(m1,m2,Λ), where the invariant masses m1 and
m2 of two jets of size R produced in an e
+e− collision
at center-of-mass energy Q are measured, with a veto Λ
on the energy of additional jets. We consider finding the
jets using various algorithms—cone, anti-kT, Cambridge-
Aachen, and kT [23–28]. We will find that NGLs of
the ratio of the jet veto and the jet masses Λ/m1,2
are present, in addition to NGLs of the ratio of masses
m1/m2. We calculate the coefficients only of leading dou-
ble NGLs α2s ln
2(µ1/µ2) in this paper. The relevant scales
for this observable are shown in Fig. 1 for a particular hi-
erarchy of m1,2 and Λ, however our results are valid for
any choice such that Q m1,2  m21,2/Q, Λ.
In [21], we discovered that at O(α2s) NGLs of two soft
scales µ1,2 can be constructed from separate pieces de-
pendent on the ratio of the factorization scale µ to one
physical scale at a time. Namely, the region of phase
space where one of the soft gluons enters the region sen-
sitive to the scale µ1 and the other enters the region
sensitive to µ2 generates the double log α
2
s ln
2 µ2/(µ1µ2),
Hard scale
Left jet scale
Right jet scale
Soft scales
µH = Q
µLS = m
2
1/Q
µoutS = Λ
µRS = m
2
2/Q
µLJ = m1
µRJ = m2
FIG. 1: The relevant scales in the exclusive jet mass cross
section with an energy veto, Λ outside of the jets is shown
for a particular choice of the hierarchy m22  ΛQ m21 that
gives rise to large non-global logs. Our results apply to any
choice of m1,2 and Λ that satisfies Q  m1,2  m21,2/Q, Λ,
which maintains the separation between hard, jet and soft
scales.
while the regions where soft gluons enter only region 1 or
only region 2 generate α2s ln
2(µ/µ1) and α
2
s ln
2(µ/µ2). In
[21] we derived from RG invariance of the cross section
and IR safety of the soft function that the coefficients
of these logs are constrained so that the µ-dependence
cancels, but an NGL α2s ln
2(µ1/µ2) is left over. Analo-
gously for σ(m1,m2,Λ), the three soft phase space re-
gions that give rise to the NGLs at O(α2s) are shown
in Fig. 2. Each configuration contributes logarithms of
µ over a single scale, the “in-out” regions contributing
logs α2s ln
2 µ2/(Λm1,2), and the “in-in” region contribut-
ing logs α2s ln
2 µ2/(m1m2). These combine with single-
region contributions to give NGLs of Λ/m1,2 with coeffi-
cients fOL,OR and of m1/m2 with coefficient fLR. These
coefficients give the geometric factor S2 in Eq. (2). IR
safety and RG invariance will allow us to derive addi-
tional strong relations among these different coefficients.
3The division of the NGL into separately µ-dependent
pieces opens up the possibility to use the renormalization
group to sum NGLs, although this has yet to be carried
out explicitly.
It is worth noting that our calculation of the coeffi-
cients fOL,OR,LR of the leading NGLs for a two-jet con-
figuration applies to other measurements of the soft ra-
diation in and out of the jets as well. Different choices of
observable change the arguments of the NGLs, but their
coefficients are related to the geometry of the configura-
tion given in Fig. 2 and will be given by one of fOL,OR,LR.
While the presence of NGLs has previously been rec-
ognized in jet mass observables similar to the one we
consider here, we derive the full algorithmic and R de-
pendence of the leading NGLs involving both jet masses
and vetoes here for the first time. Refs. [5, 19] derived
the NGL of Λ/Q in cross sections with a veto region
outside jets defined with fixed cones (but with masses
unmeasured). Ref. [20] studied (and [29] calculated more
precisely) the effect of clustering soft gluons with a fixed
R = 1.0 with the kT algorithm, with a variable rapidity
gap ∆η describing the size of the region in which radia-
tion is vetoed. Ref. [30] considered a cross section with
two cone jets of radius R  1, with only one jet’s mass
m being measured and a veto Λ on radiation outside the
jets, and calculated the NGLs of m/Λ due to the mea-
sured jet and Λ/Q due to the inclusive jet. Ref. [31] was
the first to study NGLs in an observable probing jet sub-
structure, the mass drop in filtered subjets produced by
decays of boosted Higgs bosons [32]. Our work consol-
idates and extends many of these results by calculating
NGLs of Λ/m1,2 and m1/m2 with two measured jets for
four different cone and recombination algorithms, as a
function of arbitrary jet size 0 < R < pi/2 1, and deriv-
ing new relations among the coefficients of the different
NGLs.
For the kT algorithm, it was pointed out in [29, 35] and
elaborated in [30] that the effects of soft gluon clustering
also affect the independent emission contributions to the
types of observables mentioned above. The factorization
theorems and resummed predictions we consider below
should be modified to include such effects for clustering
algorithms. We leave this outside the scope of our present
work, focusing just on how NGLs affect such predictions.
We gain some intuition from our investigation that is
not necessarily novel, but is often not appreciated, and
that we hope is helpful to clarify. First, the presence of
multiple soft scales is enough to induce NGLs, regardless
of their ordering. Second, we emphasize that NGLs arise
not only from soft gluons splitting right along jet bound-
aries and entering just inside the respective separate re-
gions, but from the entire angular region of phase space
into which the soft gluons can enter. The numerically
1 We do require R to be large enough for the observable we consider
to factorize, namely m1,2  Q tan(R/2) [33, 34].
largest contribution comes from the two gluons being
close to each other near the boundary, but the enhance-
ment is not parametrically large. Thus NGLs cannot
be avoided simply by erasing dependence on the bound-
ary region in constructing a jet observable, although they
can be somewhat reduced. Probing separate regions with
separate soft scales is enough to induce NGLs [20].
While our results here are derived for e+e− collisions,
the methods and lessons are directly applicable to exclu-
sive jet cross sections measured at hadron colliders such
as the LHC. For instance, distributions in multiple jet
masses, jet shapes or event shapes such as N -jettiness
[36, 37] with different values of the measure on the N
jets will contain NGLs of mi/mj or τ1/τ2. Exclusive jet
cross sections defined with explicit vetoes on the pT of
additional jets induce NGLs of pcutT over the relevant hard
scale. For example, vetoing jets in searches for Higgs to
WW → `ν`ν with zero jets will induce NGLs of pcutT /mH .
It would thus be wise either to calculate and control these
NGLs or to use methods to veto jets that avoid NGLs,
such as beam thrust (0-jettiness) based vetoes [36, 38, 39].
A final consequence of our results regards the claim of
the recent Ref. [40] by Kelley, Schwartz, and Zhu (KSZ)
that the cross section σ(ρ,Λ), where ρ = (m21 +m
2
2)/Q
2,
contains no logs of Λ/(Qρ), and that therefore a factor-
ization of the form σ(ρ,Λ) = σin(ρ)σout(Λ) holds to all
orders in αs, at least in the regime Λ < Qρ QR 12.
This conclusion is not consistent with our calculations,
which show that NGLs of Λ/(Qρ) are in fact present for
any value of this ratio. We verified our prediction for the
coefficient of the NGL by comparing to the predictions
of the numerical Monte Carlo EVENT2 [41, 42].
In Sec. II we review the factorization theorem for
the cross section σ(m1,m2,Λ) and derive to all orders
in αs a correctly factorized form for the soft function
S(kL, kR,Λ) that appears therein. In Sec. III, we derive
new generic relations among coefficients of the different
NGLs appearing in S(kL, kR,Λ). In Sec. IV we derive the
leading NGLs appearing in S(kL, kR,Λ), including the
full algorithmic and R dependence. In Sec. V we com-
pare the predictions of σ(ρ,Λ) with and without the pre-
dicted NGL of Qρ/Λ to those of EVENT2 at O(α2s), and
confirm the presence and predicted sizes of the NGLs.
In Sec. VI we conclude. In two Appendices, we provide
the ingredients necessary to construct the global logs in
σ(m1,m2,Λ) from the RG, and the Feynman diagram
amplitudes necessary to calculate the leading NGLs.
2 We note that this claim appeared in version 1 of [40], and has
since been retracted in later versions.
4In-Out Configuration, fOR In-Out Configuration, fOL In-In Configuration, fLR
(a) (b) (c)
FIG. 2: The three basic soft gluon configurations that we use to calculate the leading NGLs. At O(α2s), the coefficient fOR
(fOL) receives contributions from one gluon in the right (left) jet and one gluon out of both jets, and the coefficient fLR receives
contributions from one gluon in each jet.
II. SOFT FUNCTION FOR TWO JET MASSES
AND A VETO
Factorization and resummation of (global) logarithms
for exclusive jet cross sections defined with cone or re-
combination algorithms with an energy veto outside the
jets was first performed in [33, 34]. They imply that
σ(m1,m2,Λ) factorizes in the form
σ(m1,m2,Λ) = σ0H(Q;µ)
∫
dkLdkRJn¯(m
2
1 −QkL;µ)
× Jn(m22 −QkR;µ)S(kL, kR,Λ;R;µ) . (3)
σ0 is the Born cross section for e
+e− → qq¯, Jn,n¯ are jet
functions, and S is the soft function. The scales that ap-
pear in this factorization theorem are depicted in Fig. 1.
We will also consider the cumulant distribution, defined
by
Σ(ρ1, ρ2,Λ) ≡
∫ Qρ1
−∞
dm1
∫ Qρ2
−∞
dm2
∫ Λ
−∞
dΛ′σ(m1,m2,Λ′)
(4)
which also factorizes in the form [21]
Σ(ρ1, ρ2,Λ) = σ0H(Q,µ)
∫
dkLdkRJn¯(Qρ1−kL, µ)
×Jn(Qρ2−kR, µ)Sc(kL, kR,Λ;R;µ) ,
(5)
where Sc is the cumulant soft function. The jet func-
tions also depend on the jet size R and on the algorithm
[33, 34, 43, 44] but, as shown in these references, in the
limit m1,2  Q tan(R/2), the dependence on R is power
suppressed, and Jn,n¯ are the usual inclusive jet functions
[45–47]. We will work in this limit in what follows.
The soft function S(kL, kR,Λ;R) arising in Eq. (3) was
first defined and calculated to O(αs) in [33, 34] and is
given by
S(kL, kR,Λ;R) =
1
NC
∑
XS
∣∣∣〈XS |T [YnY †n¯ ] |0〉∣∣∣2
× δ
(
Λ−
∑
i∈X
Θoutk
0
i
)
(6)
× δ
(
kL−
∑
i∈X
Θninn¯·ki
)
δ
(
kR−
∑
i∈X
Θn¯inn·ki
)
.
The theta functions Θin,out choose those soft particles i
that end up inside one of the jets or outside both jets.
Their precise form depends on the algorithm. In this
definition, the energy outside the jets is fixed to be Λ,
but we can integrate to obtain the cumulant which allows
all energies up to Λ.
Much of the structure of the soft function is determined
by consistency of the factorization theorem in Eq. (3) and
the RG evolution of the hard, jet, and soft functions. We
will argue its perturbative structure must take the form,
S(kL, kR,Λ;µ) = [Sin(kL;µ)Sin(kR;µ)]Sout(Λ;µ)
⊗ SNG(kL, kR,Λ) , (7)
where ⊗ denotes a convolution of SNG with Sin’s in the
variables kL,R and with Sout in the variable Λ. The cu-
mulant soft function Sc behaves similarly. The pieces
Sin,out are determined by RG evolution and SNG is not.
Sin,out depend individually on the scales kL, kR, and Λ,
while the SNG has non-separable dependence on the ra-
tios kL/kR and kL,R/Λ.
We can derive the form Eq. (7) of S from RG invariance
of the cross section σ, which is µ-independent. Since
the hard and jet functions (strictly speaking, its Laplace
transform) have anomalous dimensions of the form
µ
d
dµ
lnF = ΓF ln
µ2
µ2F
+ γF , (8)
where µF = Q for F = H and µF = Q(ρ1,2)
1/2 for F =
J1,2, the soft function must have an anomalous dimension
µ
d
dµ
lnSc = ΓS ln µ
2
k2L
+ ΓS ln
µ2
k2R
+ γS , (9)
where ΓS = −ΓH/2−ΓJ and γS = −γH − 2γJ . Notably,
ΓS , γS are independent of R, and the scale Λ cannot ap-
pear in Eq. (9) since the hard and jet functions know
nothing about Λ. The pieces ΓH,J,S are proportional to
the cusp anomalous dimension Γcusp to all orders in αs.
In [33, 34], we calculated contributions to the soft
anomalous dimension at O(αs) into pieces coming
from a gluon inside a jet or outside the jets, finding
d(lnSc)/d(lnµ) = γL + γR + γout, where
γL,R = ΓS ln
(µ tan R2
kL,R
)2
+ γin , (10)
5with ΓS the same as in Eq. (9) and γin = 0 at O(αs).
Thus,
γout = −2ΓS ln tan2 R
2
+ 2γS − 2γin , (11)
which was verified by direct calculation to O(αs) in [33,
34]. (Note γS = 0 also at O(αs).)
The soft anomalous dimension can always be split up
additively into pieces γL,R, γout of the form in Eqs. (10)
and (11) to all orders in αs. Finding operator or phase
space definitions for soft functions which have these as
their anomalous dimensions to all orders in αs is another
question. We found such definitions which work to O(αs)
in [33, 34]. Those definitions suggest that the pieces γL,R
arise from the UV poles in soft function diagrams with
all gluons inside the L,R jets, and γout from the UV
poles in diagrams with all gluons outside the jets. We
will call the sum of all such diagrams SL,R and Sout,
respectively. Here, we only need these sums to be defined
as those which have Eqs. (10) and (11) as their anomalous
dimensions. It would take further work to show that
their operator definitions in [33, 34] have precisely these
anomalous dimensions to all orders, but these definitions
are not necessary to derive the generic form Eq. (7) of
the perturbative soft function.
The anomalous dimensions in Eqs. (10) and (11) im-
ply that the full soft function Sc(kL, kR,Λ;R;µ) evolves
under the RG according to
Sc(kL, kR,Λ;R;µ) = Sc(kL, kR,Λ;R;µ0)Uout(R;µ, µ0)
⊗ [UL(kL;R;µ, µ0)UR(kR;R;µ, µ0)] ,
(12)
where the evolution kernels UF = exp[KF (µ, µ0) +
ωF (µ, µ0) ln(µ/µF )], with KF , ωF defined in terms of
ΓF , γF in Eq. (A3).
Splitting up the evolution kernels in Eq. (12) cleverly,
we obtain
Sc(kL, kR,Λ;R;µ) = Sc(kL, kR,Λ;R;µ0) (13)
⊗ Uout(R;µ, 2Λ)[UL(kL;R;µ, kL)UR(kR;R;µ, kR)]
⊗ Uout(R; 2Λ, µ0)[UL(kL;R; kL, µ0)UR(kR;R; kR, µ0)] .
The last two factors in brackets, finally, can be further
split into
UL(kL;R; kL, 2Λ)⊗ UL(kL;R; 2Λ, µ0)
⊗ UR(kR;R; kR, 2Λ)⊗ UR(kR;R; 2Λ, µ0) . (14)
Now all the µ0-dependent factors in Eqs. (13) and (14)
simply evolve Sc(kL, kR,Λ;R;µ0) in Eq. (13) from µ0 to
2Λ, so no µ0 dependence actually remains. Then the soft
function Sc (and therefore S) automatically takes the
factorized form of Eq. (7), with
Scin(kL, µ) ≡ UL(kL;R;µ, kL) (15a)
Scin(kR, µ) ≡ UR(kR;R;µ, kR) (15b)
Scout(Λ, µ) = Uout(R;µ, 2Λ) , (15c)
and
ScNG(kL, kR,Λ) ≡ Sc(kL, kR,Λ;R, 2Λ) (16)
× UL(kL;R; kL, 2Λ)UR(kR;R; kR, 2Λ) .
All logs in Sc associated with the anomalous dimensions
are now removed by evaluating Sc at µ = 2Λ in the first
line and evolving between 2Λ and kL,R with the UL,R
kernels in the second line. The anomalous dimension of
S in Eq. (7) then comes entirely from Sin,out, whose forms
are now completely determined by the form of γL,R,out
and the RG. The remainder SNG contains the dependence
on the dimensionless ratios kL/kR and Λ/kL,R in S not
constrained by the RG.
It is notable that the form Eq. (7) follows just from
the form of the soft anomalous dimension Eq. (9) that
follows from RG invariance. It would take further work
to give operator or phase space definitions of Sin,out that
have precisely the anomalous dimensions Eqs. (10) and
(11) to all orders in αs, but the generic form Eq. (7) does
not depend on such a construction.
Below we will give phase space definitions for Sin,out,NG
that work to at leastO(α2s). We give results for theO(α2s)
terms in Sin,out predicted by RG evolution in App. B, and
calculate the leading NGLs in SNG in Sec. IV.
III. STRUCTURE OF THE NON-GLOBAL
DOUBLE LOGS
While the renormalization group does not determine
the NGLs in the soft function in Eq. (3), constraints from
RG invariance can still be used to simplify the method
to calculate them [21]. Here we use these constraints to
derive relationships among the different “in-in” and “in-
out” NGLs in the observables that we consider.
To study the relationships between NGLs, we take the
two jet radii to be different, RL and RR for the left and
right jets respectively. While this can lead to ambigui-
ties about which R to use in recombination metrics, it is
sensible in the O(α2s) calculations we carry out as long
as RL,R are sufficiently small, e.g. RL,R < pi/3 (or for
any RL,R using fixed cones). In this section we consider
different R values to constrain the coefficients of the dif-
ferent possible NGLs and in the next section calculate
explicitly the RL,R dependence of the NGLs for the anti-
kT algorithm. For C/A and kT, we will calculate for
RL = RR = R. Most of the logic and results in this sec-
tion actually go through for equal R’s as well. We rely
on distinct RL,R only at the very end of this section.
The dijet events we consider have three kinds of double
non-local globs, each a ratio of scales in the soft sector:
−
(αs
2pi
)2
CFCA fOL(RL, RR) ln
2 kL
2Λ tanRL/2
, (17a)
−
(αs
2pi
)2
CFCA fOR(RR, RL) ln
2 kR
2Λ tanRR/2
, (17b)
−
(αs
2pi
)2
CFCA fLR(RL, RR) ln
2 kL tanRR/2
kR tanRL/2
. (17c)
6The coefficients fOL, fOR, and fLR depend on the jet
algorithm. The ratios are between the scales (iden-
tified in [33, 34]) of soft gluons inside jets µL,RS =
kL,R/ tan(RL,R/2) and the scale µ
Λ
S = 2Λ of soft glu-
ons outside jets cutoff by energy Λ. Contributions to
these logs come from three regions of phase space, which
we label L for the left jet, R for the right jet, and O for
the out-of-jet region. These regions are shown in Fig. 2.
Each NGL gets a contribution from a pair of these re-
gions, which set the scales in the log. If we consider two
regions A and B, then the phase space contributions can
be divided as:
M({ki}) =MA({ki}) +MB({ki}) +MAB({ki}) , (18)
where each M imposes a set of measurements on the
partons in the final state with momenta ki (cf. Eq. (B2)).
The first term comes from gluons only in region A, the
second from gluons only in region B, and the third from
at least one gluon in both regions.
RG evolution constrains the relative contributions
from each of the terms in Eq. (18). NGLs are indepen-
dent of the renormalization scale µ, but each contribution
from Eq. (18) will have µ-dependence. For instance, the
fOR NGL comes from the sum:
−
(αs
2pi
)2
CFCA fOR(RR, RL) (19)
×
[
2 ln2
µ tanRR/2
kR
+ 2 ln2
µ
2Λ
− ln2 µ
2 tanRR/2
2ΛkR
]
.
The last term is especially notable: it only contains con-
tributions with two soft gluons in the final state that
live in separate regions (one in R, one in O), and it
is the only term of the three that depends on multiple
scales. These contributions are simpler to compute than
the other terms, with the added benefit that there are
no global terms with the same color and log structure.
These mixed-scale terms alone determine the coefficient
of the NGLs, as the others are fixed by RG invariance.
This feature was used in [21] to determine the complete
set of non-global terms in the hemisphere dijet soft func-
tion.
Let us consider the bare contribution to the soft func-
tion from the last term in Eq. (19), following from
Eq. (B4). To order 1/2 in the MS scheme, the mixed-
scale term is
SORNG =
αs(µ)
2CFCA
(2pi)2
(
µ2eγE/2
)2
Γ(1− )2 2fOR(RR, RL)
× Λ−1−2k−1−2R tan2
RR
2
. (20)
Similarly, for the NGL depending on both kL and kR,
the mixed scale term following from Eq. (B5) is
SLRNG =
αs(µ)
2CFCA
(2pi)2
(
µ2eγE
)2
Γ(1− )2 2fLR(RL, RR)
× (kLkR)−1−2 tan2 RL
2
tan2
RR
2
. (21)
The 1/ poles in these contributions are infrared in origin.
Now, the full soft function is infrared finite. As argued in
[21], this means that the purely “in” and “out” contribu-
tions in Eq. (19) contribute compensating IR divergent
terms that cancel the IR poles in Eqs. (20) and (21). This
also cancels the µ-dependent terms in Eqs. (20) and (21),
preserving RG invariance of the factorized cross section.
After this cancellation, double logs of kL,R/Λ and kL/kR
survive in the full soft function, and similar double logs
of the other scale ratios survive. These are the NGLs.
The constraints from RG invariance imply relation-
ships between the NGLs in Eq. (17). It is instructive
to break up the contributions to the non-global double
logs in terms of what regions the soft gluons are in. There
are six such regions, and all of the contributions have a
coefficient −(αs/2pi)2CFCA:
fL(RL) ln
2 µ tan(RL/2)
kL
,
fR(RR) ln
2 µ tan(RR/2)
kR
,
fO(RL, RR) ln
2 µ
2Λ
, (22)
−fOL(RL, RR) ln2 µ
2 tan(RL/2)
2ΛkL
,
−fOR(RR, RL) ln2 µ
2 tan(RR/2)
2ΛkR
,
−fLR(RL, RR) ln2 µ
2 tan(RL/2) tan(RR/2)
kLkR
.
Note that the first three coefficients receive contributions
from purely real diagrams (with both soft gluons in the
final state in the same region) and real-virtual diagrams
(with one soft gluon in the final state and one virtual soft
gluon). There are several properties of these coefficients:
• fL = fR ,
• fO(RL, RR) = fO(RR, RL) ,
• fLR(RL, RR) = fLR(RR, RL) ,
• fOL(RL, RR) = fOR(RR, RL) ,
• fOL and fOR may not be symmetric in their argu-
ments.
Finally, the statement that the NGLs are determined
purely by RG invariance and the mixed scale logs (fLR,
fOL, and fOR) implies that there are relations between
the coefficients. Expanding the logs in Eq. (17) and using
Eq. (19),
fL(RL) = 2[fLR(RL, RR) + fOL(RL, RR)] , (23a)
fR(RR) = 2[fLR(RL, RR) + fOR(RR, RL)] , (23b)
fO(RL, RR) = 2[fOL(RL, RR) + fOR(RR, RL)] . (23c)
So far we have not used that RL,R could be different,
so our proof of Eq. (23) is valid for equal R’s. Now, we
7can use different RL,R to argue that the RL dependence
cancels between fLR and fOR; similarly, the RR depen-
dence cancels between fLR and fOL. If fOR is known,
then up to a constant fLR can be determined. We have
the additional constraint that as the jet radius shrinks
to zero, the NGL of the two jet scales will also van-
ish: fLR(RL, RR) → 0 as RL → 0 or RR → 0. This
means that only knowing fOR completely determines all
the other coefficients. We will compute fOR for the anti-
kT algorithm and use it to determine fLR. For the C/A
and kT algorithms we will take RL = RR = R.
IV. NON-GLOBAL LOGS FOR SEVERAL
ALGORITHMS
In this section we derive results for the non-global part
SNG of the soft function in Eq. (7) not predicted by RG.
For each algorithm we first determine the “in-out” NGLs
by calculating fOR, and then determine the “in-in” NGLs
by calculating fLR. After calculating the leading NGLs
for each algorithm, we plot the coefficients of the logs and
discuss the results.
As shown in Sec. III, the double log terms in SNG can
be determined by the calculation of fOR, the contribution
with one gluon in a jet (in this case the right jet) and one
gluon out of the jets. As is well known, at O(α2s) the non-
global double logs arise from soft gluon emission diagrams
with the CFCA color structure, with the amplitude in
Eq. (B3).
From the form of Eqs. (B4) and (B5) one finds that
the coefficients of the leading NGLs are given generically
by the integral (cf. [20])
fOL,OR,LR = 2
∫ ∞
−∞
dη1dη2
∫ pi
0
dφ
pi
cosφ
cosh(η1 − η2)− cosφ
×ΘalgOL,OR,LR , (24)
where η1,2 = ln cot(θ1,2/2) are the (pseudo-)rapidities of
gluons 1, 2 with respect to the z axis (the jet 1 axis).
The angular constraints of the jet algorithm are given in
Θalg, and depend on which coefficient (OL, OR, or LR)
we are calculating. This integral is a geometric measure
of the size of the region into which the two soft gluons
are allowed to go for a given contribution to the NGL.
We consider two types of jet algorithms, cone and re-
combination. Cone algorithms fit jets to a geometric
shape (the cone), and a jet is found when the momen-
tum in the cone is aligned with its axis. Therefore, the
phase space constraints for particles in a found jet simply
requires them to be within an angle R of the cone axis.
For soft particles in the n jet, for instance, this implies
θns < R.
Recombination algorithms build jets by successive 2→
1 mergings of particles. A pairwise metric dij and a single
particle metric di govern the recombinations. A single
step in the algorithm finds the smallest of all dij and di,
then merges the closest pair if some dij is smallest or
promotes a particle to a jet if some di is the smallest.
This procedure is repeated until all particles are put into
jets. The common recombination algorithms (kT, C/A,
and anti-kT) are part of a class parameterized by a real
number α. In terms of α, the metrics for e+e− are
dij = 2 min(E
2α
i , E
2α
j )(1− cos θij) ,
di = 2E
2α
i (1− cosR) . (25)
For both types of algorithms, a veto Λ on soft jets is
required for infrared safety of exclusive jet cross sections.
A. Cone or anti-kT algorithms
To leading order in the SCET power counting, the
phase space for soft particles that get combined into
the jets is the same in the cone and anti-kT algorithms
[33, 34], so they will have the same leading NGL (also
pointed out in [28]). We work with fixed cones, but the
results apply to other infrared-safe cone algorithms (e.g.
[27]) in the configurations we consider where there is no
split-merge issue. For generic jet configurations, different
cone algorithms will have different NGLs.
1. In-Out NGLs
For these algorithms, the two-particle phase space for
one soft parton to be inside and one outside of a jet is
ΘconeOR = θ(ηR < η1 <∞) θ(−ηL < η2 < ηR)
+ (1↔ 2) , (26)
where ηL,R = ln cotRL,R/2. Interchanging the gluons
simply introduces a factor of 2 into the integral, and so
we will simply work with the first configuration shown in
Eq. (26) and multiply by 2 to account for this symme-
try. With these constraints the in-out NGL coefficient
fOR(RR, RL) in Eq. (24) is then given by
f coneOR (RR, RL) =
∫ ∞
ηR
dη1
∫ ηR
−ηL
dη2
8
e2(η1−η2) − 1 , (27)
The integrand depends only on the difference η1−η2, and
can be easily integrated to give
f coneOR (RR, RL) =
pi2
3
− 2 Li2
(
tan2
RL
2
tan2
RR
2
)
. (28)
In Fig. 3 we plot Eq. (28) for RL = RR ≡ R. At R = 0,
f coneOR (R) → pi2/3, and at R → pi/2 (hemisphere jets),
f coneOR (R)→ 0.
This result is consistent with that of [30] in the limit
R → 0, who considered the case of measuring only one
jet’s invariant mass and imposing a jet veto outside the
two jets. Adding two copies of the NGL they found in
that case reproduces Eq. (28) (for R → 0). Eq. (28)
now provides the full R dependence of the coefficient of
8the in-out NGLs in Eqs. (17a) and (17b) for the cone or
anti-kT algorithms, with the separate RL,R dependence
derived for the first time.3
2. In-In NGL
We can use the constraints in Sec. III to determine
the in-in NGL coefficient, f coneLR . The sum fOR + fLR
must be RL independent, and fLR is symmetric in its
arguments and vanishing as RL,R → 0. Since f coneOR in
Eq. (28) happens to be symmetric in RL,R, it is simple
to determine
fLR(RL, RR) = 2 Li2
(
tan2
RL
2
tan2
RR
2
)
. (29)
This result is simple to check by performing the integral
in Eq. (24) with the constraint
ΘconeLR = θ(ηR < η1 <∞) θ(−∞ < η2 < ηL) , (30)
which confirms the result in Eq. (29):
f coneLR (RL, RR) =
∫ ∞
ηR
dη1
∫ −ηL
−∞
dη2
8
e2(η1−η2) − 1 ,
= 2 Li2
(
tan2
RL
2
tan2
RR
2
)
. (31)
In Fig. 4 we plot this coefficient for RL = RR = R.
The sum of the in-out and in-in coefficients is related
to the coefficient fR, which comes from having gluons
only in the right jet:
f coneOR (RR, RL) + f
cone
LR (RL, RR) =
1
2
f coneR (RR) =
pi2
3
.
(32)
The fact that f coneR is a constant independent of RR is
somewhat surprising, but can be shown at the level of
the integrals in Eqs. (27) and (31). These integrals sum
simply to give
f coneR (RR) =
∫ ∞
ηR
dη1
∫ ηR
−∞
dη2
16
e2(η1−η2) − 1 . (33)
The integrand depends only on η1− η2, and we can shift
the integration variables by η1,2 → η1,2 − ηR, rendering
the integral to be a constant:
f coneR (RR) =
∫ ∞
0
dη1
∫ 0
−∞
dη2
16
e2(η1−η2) − 1 =
2pi2
3
.
(34)
In Fig. 5, we compare this constant to the result for falgR
from other algorithms. Ref. [31] also noted that f coneR is
3 Ref. [19] calculated the same coefficient Eq. (28) for the NGL of
the jet veto over the total energy in two-jet events in which the
jet masses are not measured (for RL = RR = R).
a constant but noted that no physical explanation was
apparent. We observe above that the boost invariance
of the amplitude and the property that all rapidities get
covered in the sum f coneLR + f
cone
OR removes dependence on
where precisely that jet boundary ηR is. Below we will
find that this coefficient is not a constant for the C/A
and kT algorithms, where the phase space for recombi-
nation of two soft gluons in a single jet is distinct from
anti-kT and changes the value of fR. In particular, the
phase space included in the sum fLR +fOR contains gaps
not invariant under boosts so that dependence on the
boundaries remains.
B. Cambridge-Aachen algorithm
In computing the leading NGLs for the C/A and kT al-
gorithms, we will use only one common jet radius, setting
RL = RR = R. In these cases fOR = fOL and fR = fL.
1. In-Out NGLs
The phase space constraints from the C/A algorithm
that figure into fOR are more complicated than the cone
or anti-kT algorithms. To contribute to fOR, one of the
soft gluons must be merged into the right jet while the
other is not recombined with either jet. This amounts to
the phase space constraints
Θ
C/A
OR = θ(0 < θ1 < R) θ(R < θ2 < pi −R)
× θ(θ1 < θ12) . (35)
Here θ12 is the opening angle between gluons 1 and 2,
while θ1 and θ2 are the angles between each gluon and the
right jet axis. The last condition is required to guarantee
that partons 1 and 2 are not combined together first by
the algorithm, in which case they would be in the “in-
in” or “out-out” part of the phase space not contributing
to f
C/A
OR . An analogous constraint only contributes at
the level of a power correction for the cone or anti-kT
algorithms.
The coefficient f
C/A
OR is then determined by the integral
f
C/A
OR (R) = 4
∫ ∞
ηR
dη1
∫ ηR
−ηR
dη2
∫ pi
0
dφ
pi
Θ
C/A
OR
× cosφ
cosh(η1 − η2)− cosφ . (36)
Here ηR = ln cotR/2. The phase space constraints in
Θ
C/A
OR can be written as 1 minus the region where the
soft partons 1, 2 do get combined by the C/A algorithm,
θ(θ12 − θ1) = 1−Θ(θ1 − θ12) (37)
= 1−Θ (cosφ > max{e−η2 sinh η1,−eη1 sinh η2}) .
The last theta function enforces that partons 1 and 2 are
closer to each other in angle than the jet axes. The “1”
9term in Eq. (37) produces the same result as f coneOR , so
that Eq. (36) can be written as
f
C/A
OR (R) = f
cone
OR (R)−∆fC/AOR (R) . (38)
To evaluate ∆f
C/A
OR , we can perform the integral over φ
using (for η > 0)∫
dφ
cosφ
cosh η − cosφ
= −φ+ 2
tanh η
tan−1
[
tan(φ/2)
tanh(η/2)
]
, (39)
and evaluate the integrals over η1,2 numerically. The
result is plotted in Fig. 3.
2. In-In NGLs
The contribution to f
C/A
LR requires one gluon in each
jet. The two gluons must merge with the jets be-
fore merging with each other, which requires θ12 >
max(θ1, θ2). Therefore
Θ
C/A
LR = θ(0 < θ1 < R) θ(pi −R < θ2 < pi)
× θ(max(θ1, θ2) < θ12) . (40)
Again we can divide up these constraints into a contri-
bution identical to the cone restrictions and a correction
factor,
f
C/A
LR (R) = f
cone
LR (R)−∆fC/ALR (R) , (41)
where the last term is given by
∆f
C/A
LR (R) =
8
pi
∫ ηR/2
ηR
dη1
∫ −ηR
−η1
dη2
×Θ (η2 − ln sinh η1)
{
− cos−1 (e−η2 sinh η1) (42)
+
2
tanh(η1−η2) tan
−1
[
coth
(
η1−η2
2
)√
1−e−η2 sinh η1
1+e−η2 sinh η1
]}
.
Considering the phase space constraints, it is straight-
forward to see that if R < pi/3, the in-in NGL coefficients
must be the same for cone, anti-kT, and C/A (as well as
kT). This is because for a sufficiently small jet radius, the
soft gluons cannot merge together since θ12 > R. This
is confirmed by the calculation of f
C/A
LR , and is shown in
Fig. 4.
With the results for f
C/A
OR and f
C/A
LR , we can combine
them to determine f
C/A
R . Unlike the anti-kT algorithm,
this coefficient is R dependent for the C/A algorithm,
and is plotted in Fig. 5.
C. kT algorithm
The phase space constraints from kT algorithm are
more complex than the C/A algorithm, as there are dif-
ferent limiting cases to consider where the NGLs can
be large. To determine whether two soft gluons are re-
combined by the kT algorithm or not, we consider the
pairwise distances among the soft particles and the two
collinear jets,
d12 = 2 min(E
2
1 , E
2
2) (1− cos θ12) ,
din = 2E
2
i (1− cos θi) , din¯ = 2E2i (1 + cos θi) , (43)
for i = 1, 2. The single particle metrics are
di = 2E
2
i (1− cosR) . (44)
The phase space constraints from the kT algorithm de-
pend on the relative scaling of the two soft gluons. For
instance, if gluon 1 is in the R jet and gluon 2 is out
of both jets, then the limit E1  E2 will give rise to a
different phase space than the opposite limit, E2  E1.
Both limits will give rise to a large NGL, and we will con-
sider both regimes in calculating the coefficients for the
different logs. The limit E1  E2 will produce the same
phase space constraints as the C/A algorithm, meaning
that the NGLs will be the same for kT and C/A in this
limit. In the limit E2  E1, we find a new coefficient for
the NGLs.
1. In-Out NGLs
As with the previous algorithms, the coefficient fkTOR is
given by
fkTOR(R) = 4
∫ ∞
ηR
dη1
∫ ηR
−ηR
dη2
∫ pi
0
dφ
pi
ΘkTOR
× cosφ
cosh(η1 − η2)− cosφ . (45)
The phase space restrictions are given in general by
ΘkTOR = θ(0 < θ1 < R) θ(R < θ2 < pi −R)
× θ(min(d1n, d2) < d12) . (46)
The first two theta functions require that d1n < d1 and
d2 < {d2n¯, d2n}, while the last requires that the two soft
gluons are not merged together by the algorithm.
The ordering in the last theta function in Eq. (46)
depends on the soft gluon kinematics. We consider
two limits, both of which give a large NGL coefficient:
kR  Λ tanR/2 and Λ tanR/2 kR.
If kR  Λ tanR/2, then
E1(1− cos θ1) E2 tanR/2 . (47)
Unless θ1  1 (which is a power correction for the con-
tribution to the NGL coefficient), then this limit im-
plies d1n < d2. This means the relevant comparison is
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FIG. 3: “In-Out” NGLs for three algorithms. The co-
efficient falgOR(R) (equivalently f
alg
OL) of the leading NGL
ln2[kR/(Λ tanR/2)] for the cone/anti-kT algorithms (solid),
the Cambridge-Aachen algorithm (dashed), and the kT algo-
rithm when kR  Λ (also dashed) and when Λ kR (dotted).
These algorithms recombine soft gluons in successively larger
regions of phase space, reducing the coefficient of the NGL.
d1n < d12, which simplifies to the same constraint as the
C/A algorithm,
θ1 < θ12 . (48)
In this region the coefficient fOR is the same as for the
Cambridge/Aachen algorithm.
In the opposite limit of the NGL scales, Λ tanR/2 
kR,
E2 tanR/2 E1(1− cos θ1) . (49)
Outside of the power suppressed region of phase space,
d2 < d1n, and the constraint becomes d2 < d12. This is
more restrictive than the C/A case, equivalent to
R < θ12 . (50)
In this region the coefficient of the NGL of Λ/kR can be
written similarly to Eq. (38),
fkTOR(R) = f
cone
OR (R)−∆fkTOR(R) , (51)
where ∆fkTOR is given by
∆fkTOR(R) = 4
∫ ∞
ηR
dη1
∫ ηR
−ηR
dη2
∫ pi
0
dφ
pi
× cosφ
cosh(η1−η2)− cosφθ(R− θ12) , (52)
whose φ integral can be evaluated to give
∆fkTOR(R) = 4
∫ ∞
ηR
dη1
∫ ηR
log cot[max(pi−R,θ1+R)]
dη2 (53)
×
{
−φ0 + 2
tanh(η1−η2) tan
−1
[
tan(φ0/2)
tanh η1−η22
]}
,
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FIG. 4: “In-In” NGLs for three algorithms. The co-
efficient falgLR (R) of the leading NGL ln
2(kL/kR) for the
cone/anti-kT algorithms (solid), the Cambridge-Aachen algo-
rithm (dashed), and the kT algorithm in the limit kL  kR (or
kR  kL) (dotted). The coefficients only differ for R > pi/3,
the smallest angle for which the algorithms can begin to re-
combine soft gluons in separate jets.
where
φ0 = cos
−1
[
cos2
R
2
cosh(η1−η2)− sin2 R
2
cosh(η1+η2)
]
,
(54)
and θ1 = 2 cot
−1 eη1 . We perform the remaining two
integrals in Eq. (53) numerically and plot the result in
Fig. 3.
2. In-In NGLs
When one soft gluon is inside each of the two jets, we
require
d1n , d2n¯ < d12 . (55)
As with fkTOR, we want to consider the limits of a large
NGL, namely kL  kR and kR  kL. We can con-
sider these limits simultaneously, taking kR  kL for
definiteness. At leading power this implies E1  E2 and
d1n  d2n¯, since we can neglect the small angle region
near the jet axes. The constraint therefore becomes
θ1n < θ12 , (56)
and we have
ΘkTLR = θ(0<θ1<R) θ(pi−R<θ2 < pi)θ(θ1<θ12) . (57)
When kL  kR, the last constraint changes to θ2 < θ12,
but this results in an identical coefficient. As before, we
can divide the calculation as
fkTLR(R) = f
cone
LR (R)−∆fkTLR(R) , (58)
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FIG. 5: Sum of NGL coefficients for three algorithms. As de-
rived in Sec. III, the sum fOR + fLR is equal to
1
2
fR, the
contribution to NGLs from gluons just in the R jet. We
plot 1
2
falgR for the cone/anti-kT (solid), Cambridge-Aachen
(dashed), and kT algorithms when kR  Λ (dot-dashed) and
when Λ kR (dotted). 12fconeR is a constant, pi2/3.
where
∆fkTLR(R) = 4
∫ ∞
ηR
dη1
∫ −ηR
−∞
dη2
∫ pi
0
dφ
pi
cosφ
cosh(η1−η2)−cosφ
× θ(θ1 − θ12) , (59)
where
∆fkTLR(R) = 4
∫ ∞
ηR
dη1
∫ −ηR
min(−ηR,ln sinh η1)
dη2
×
{
− cos−1 (e−η2 sinh η1) (60)
+
2
tanh(η1−η2) tan
−1
[
coth
(
η1−η2
2
)√
1−e−η2 sinh η1
1+e−η2 sinh η1
]}
.
We perform the remaining integrals numerically and plot
the result in Fig. 4. We also sum the in-out and in-in
coefficients, fkTOR + f
kT
LR =
1
2f
kT
R , and plot it in Fig. 5.
D. Leading NGLs
With the leading NGLs in hand, we can compare
the coefficients between algorithms and learn about the
structure of the NGLs. These observations confirm and
extend previous studies of clustering effects on NGLs (e.g.
[20, 29, 30]). Our extensive investigation of the algorithm
and R dependence found above makes clearer this con-
nection between clustering algorithms and NGLs and al-
lows us to make more specific statements about the field
theoretic origin and properties of NGLs.
We first build a picture of the NGLs that we can use
to interpret the results for different algorithms. For all
algorithms, the matrix element contributing to the coef-
ficients fOR, fOL, and fLR is proportional to
cos ∆φ
cosh(∆η)− cos ∆φ , (61)
where ∆φ is the azimuthal angle difference and ∆η is the
pseudorapidity difference between the soft gluons. The
phase space restrictions require the gluons to be in dif-
ferent regions, so that ∆η > 0. The region ∆η and ∆φ
near zero provides a collinear enhancement to the NGL
coefficients, but there is no collinear singularity that sets
the value of the coefficient. This implies that the NGLs
are soft logarithms. The infrared singularities that are
contained in the distributions
k−1−2L,R and Λ
−1−2 (62)
come from the soft region of phase space, when E1,2 → 0.
The coefficients of the NGLs receive support over the en-
tire region of phase space, with the dominant contribu-
tion near the jet boundary. Since different jet algorithms
merge nearby soft gluons in different ways, the coefficient
of the in-out NGLs is very different. We now discuss the
results for each algorithm.
We start with the in-out coefficient, falgOR(R) (equiva-
lently falgOL). In Fig. 3, we plot this coefficient as a func-
tion of R. The cone and anti-kT coefficient is significantly
larger than either C/A or kT. This is a manifestation of
the in-out phase space. For the cone and anti-kT algo-
rithms, the soft gluons on either side of the jet boundary
will not recombine together. The soft gluons that are
close to the jet boundary (one in the jet, one out) con-
tribute more to the NGL from a collinear enhancement
in the matrix element (see Eq. (61)). For the C/A and
kT algorithms, soft gluons near the boundary will recom-
bine together and not contribute to fOR. This removes
the region with collinear enhancement and subsequently
reduces the size of the coefficient. Since the kT algorithm
also weights the pairwise recombination metric by the
minimum energy of the pair, the region of phase space
for soft gluon recombination is larger. This further re-
duces the size of the coefficient, and for large R it even
changes sign. For each algorithm, it is interesting to see
that the NGL coefficient is nearly constant over a wide
range of R; for the anti-kT algorithm, the corrections for
small R go as R4.
The behavior of the in-in coefficient is very different
from the in-out coefficient. The in-in coefficient, falgLR(R),
for each algorithm is plotted in Fig. 4. Each algorithm
gives the same coefficient for R < pi/3, and the coeffi-
cients differ for larger R values. This comes from the
action of the algorithm: for R < pi/3, the two gluons are
separated by more than R, and so they cannot be recom-
bined. Furthermore, since each jet contains only one soft
gluon, the action of each algorithm is the same, and so
fLR(R) is the same for each algorithm.
Note that as R → 0, the phase space shrinks to 0
and the coefficient vanishes. This supports the picture
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that the logs proportional to fLR are soft logarithms,
since we would expect collinear logarithms to have a
non-vanishing coefficient in the small R limit. The small
size of fLR away from the small R limit comes from the
fact that the soft gluons must be separated by an angle
greater than pi − 2R. This cuts out the region of phase
space with a collinear enhancement in the coefficient and
reduces its size. As R increases, the soft gluons can be
recombined across the jets, which also reduces the mag-
nitude of the NGL coefficient.
Finally, in Fig. 5 we plot the sum of the NGL coef-
ficients, 12f
alg
R (R) = f
alg
OR(R) + f
alg
LR(R) (or equivalently,
1
2f
alg
L ). For the kT algorithm, we have plotted the coef-
ficient in the two limits Λ  Qρ and Qρ  Λ. For the
anti-kT algorithm, this coefficient is a constant for all R.
This comes from the boost invariance properties of the
matrix element that make it independent of the jet ra-
dius, see Eq. (34). Since fLR is the same for all algorithms
for R < pi/3 and the R dependence of fOR is different for
each algorithm, this implies that fR cannot be a constant
for C/A or kT. The coefficient fR is the contribution to
the NGLs from the region of phase space with soft glu-
ons only in the (right) jet. This coefficient can receive
contributions from real configurations with two soft glu-
ons in the final state or real-virtual configurations with
one soft gluon in the final state and one virtual gluon.
Therefore the fact that the anti-kT coefficient is constant
is possibly due to an accidental cancellation. The fact
that fR coefficient does not vanish as R → 0 indicates
that at least part of the coefficient receives contributions
from a collinear log.
V. COMPARISON OF GLOBAL AND
NON-GLOBAL LOGS TO EVENT2
We can test for the presence of the NGL of Λ/m1,2
in σ(m1,m2,Λ) implied by Eq. (17) by comparing pre-
dictions with and without it to the output of EVENT2
[41, 42]. To focus on this NGL let us consider measuring
the two jets’ total invariant mass ρ ≡ (m21 + m22)/Q2.
This prevents NGLs of m1/m2 from contributing. But
first, we must construct the prediction for the global logs
of ρ and Λ/Q in the cross section.
A. Global Logs
The resummed cumulant cross section,
Σ(ρ,Λ) =
∫ ρ
−∞
dρ′
∫
dm21dm
2
2 δ
(
ρ′ − m
2
1 +m
2
2
Q
)
×
∫ Λ
−∞
dΛ′σ(m1,m2,Λ′), (63)
also splits into pieces predicted by RG evolution and
those that are not and contain the NGLs,
Σ(ρ,Λ) = Σin(ρ)Σout(Λ)ΣNG(ρ,Λ) . (64)
Predictions for the “global” pieces predicted by RG evo-
lution, Σin and Σout, are derived in App. A.
For the in-jet contribution,
Σin(ρ) = 1−αsCF
pi
[
L2ρ +
(
3
2
−4LR
)
Lρ +
1
2
− pi
2
6
+ 2L2R
]
+
(αs
2pi
)2{
2C2FL
4
ρ +
[
C2F (6− 16LR) + CFCA
11
3
− CFTRnF 4
3
]
L3ρ
+
[
C2F
(
13
2
− 2pi2 − 24LR + 40L2R
)
+ CFCA
(
−169
36
+
pi2
3
− 44
3
LR
)
+ CFTRnf
(
11
9
+
16
3
LR
)]
L2ρ
+
[
C2F
(
9
4
−2pi2+4ζ3+8(pi2−1)LR + 12L2R − 32L3R
)
+ CFCA
(
−57
4
+6ζ3+
268−12pi2
9
LR+
44
3
L2R
)
+ CFTRnF
(
5− 80
9
LR − 16
3
L2R
)
+
1
4
γ(R)
]
Lρ
}
,
(65)
up to a term constant in ρ. Here αs ≡ αs(Q), Lρ ≡ ln ρ, LR ≡ ln tan(R/2), and γ(R) is the unknown part of the
O(α2s) non-cusp anomalous dimensions in Eqs. (A9) and (A10). Meanwhile, the out-of-jet contribution is
Σout(Λ) = 1− αsCF
pi
[
pi2
6
+ 2 Li2
(
−tan2R
2
)
+ 4LΛLR + 2L
2
R
]
+
(αs
2pi
)2{[
32C2FL
2
R +
44CFCA − 16CFTRnF
3
LR
]
L2Λ
+
[
C2F
(
8pi2
3
+ 32 Li2
(
−tan2 R
2
)
+ 32L2R
)
LR + CFCA
(
11
9
(
pi2 + 12 Li2
(
−tan2 R
2
))
+
12pi2 − 268
9
LR +
44
3
L2R
)
+ CFTRnF
(
−4
9
(
pi2 + 12 Li2
(
−tan2 R
2
))
+
80
9
LR − 16
3
L2R
)
− 1
4
γ(R)
]
LΛ
}
,
(66)
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plus a term constant in Λ. Here LΛ ≡ ln(2Λ/Q). In the
following we only study double logs L2ρ and L
2
Λ, so we do
not need to know γ(R). Note that Σout → 1 in the limit
R → pi/2, as it must for hemisphere jets for which there
is no “out” region.
The non-global term ΣNG in Eq. (64) predicted by the
results in Sec. III and Sec. IV is
ΣNG(ρ,Λ) =−
(αs
2pi
)2
CFCA2f
alg
OR(R,R) ln
2 2Λ tan
R
2
Qρ
,
(67)
with falgOR given for the cone and anti-kT algorithms by
Eq. (27), for the C/A and kT algorithms by Eq. (36).
4
Soft gluon clustering, present for the C/A and kT algo-
rithms, also affects the Abelian C2F terms in the cross
section [29, 35]. These clustering effects do not come
from RG evolution, and can be included as a correction
factor similar to ΣNG.
B. Comparison to EVENT2
For comparison, in Fig. 6 we plot the CFCA terms in
dσEV2/dρ before any terms are subtracted. This gives
the size of all terms, and after subtracting the global logs
we can see the size of the non-global terms.
We can test the predictions for the leading NGLs by
comparing to the output of EVENT2 [41, 42]. EVENT2
can numerically calculate an observable vanishing in the
two-jet limit for e+e− collisions at O(α2s). For a given R
and Λ, we can use EVENT2 to find the ρ distribution at
O(α2s), dσEV2/dρ. By going to the regime ρ Λ tanR/2,
we can numerically enhance the NGLs relative to the non-
logarithmic non-global terms.
EVENT2 calculates a binned distribution in ρ, with
the cross section in a bin given by∫ ρmax
ρmin
dρ
dσEV2
dρ
= ΣEV2(ρmax)− ΣEV2(ρmin) , (68)
with
ΣEV2(ρ) =
∫ ρ
0
dρ′
dσEV2
dρ′
. (69)
4 Ref. [30] expresses this NGL as a function of Qρ/(2ΛR2), work-
ing in the small R limit. The extra factor of R relative to
Eq. (67) is due to the imposition in [30] of a hard cutoff Q/2
on the soft gluon energy in full QCD. Since the angle is cut
off by R, this corresponds to cutting off the virtuality of soft
gluons by k2 ∼ Q2 tan2(R/2). This choice of cutoff thus cor-
responds to evaluating the SCET soft function Eq. (20) at the
scale µ = Q tan(R/2). We constructed the global logs in Eq. (64)
by running the jet and soft functions to µ = Q, which leads nat-
urally to writing the NGL in the form Eq. (67). Thus the NGLs
quoted in Eq. (67) and [30] are compatible, with the two conven-
tions differing in which terms get grouped into the soft NGLs.
Predictions for physical cross sections remain equivalent.
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FIG. 6: The CFCA terms in the distribution dσEV2/dρ, using
the anti-kT algorithm. The coefficient of σ0(αs/2pi)
2CFCA is
plotted. Five R values are shown, and Λ = 0.01Q is used.
In comparing to EVENT2, we will subtract the global
and leading NGLs:
∆σ(ρ) ≡ dσEV2
dρ
−
(
dσglobal
dρ
+
dσln2
dρ
)
. (70)
If only single logs remain, then the resulting binned dis-
tribution will be constant with value of the single log
coefficient. The non-log terms in the distribution will be
a small correction to flatness in the limit ρ Λ tanR/2.
For each algorithm, we calculate ∆σ(ρ) for Λ = 0.01Q
and five values of R: R = {0.1, 0.6, 1.0, 1.16, 1.3}. R =
1.16 corresponds to the jet radius used in the EVENT2
studies in [40]. For each algorithm and R value, we plot
in Fig. 7a, Fig. 8a and Fig. 9a the CFCA terms in ∆σglobal
with only the global logs in Eq. (70) subtracted out, plot-
ted in units of σ0(αs/2pi)
2CFCA. The resulting distribu-
tions grow linearly for small ρ, indicating the presence of
a remaining double log. In Fig. 7b, Fig. 8b and Fig. 9b,
we plot the CFCA terms in ∆σ(ρ) after also subtract-
ing out the double NGL in Eq. (70). The distribution is
convincingly flat in the small ρ regime for all three algo-
rithms. This means that the double logs of ρ have been
successfully removed, confirming the calculations of the
NGLs performed in Sec. 17.
In Fig. 7, we plot the CFCA terms in both ∆σglobal(ρ)
and ∆σ(ρ), where ∆σglobal only has the global logs re-
moved (and not the leading NGLs). We can clearly see
the double log dependence in ∆σglobal, and that it is
entirely removed within statistical uncertainties in ∆σ.
Note that as R decreases, if we want the non-global dou-
ble log to be numerically large then the range of ρ must
move to smaller values.
In Figs. 8 and 9, we plot the CFCA terms in ∆σ(ρ)
for the C/A and kT algorithms. As with anti-kT, we can
see that the double log dependence has been removed
within statistical uncertainties. Additionally, we confirm
the prediction that the leading NGL is the same for the
C/A and kT algorithms in the limit ρ Λ.
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FIG. 7: The difference between EVENT2 and (a) the global logs and (b) the global and leading NGLs for the ρ distribution,
using the anti-kT algorithm. The coefficient of σ0(αs/2pi)
2CFCA in the difference is plotted. Five R values are shown, and
Λ = 0.01Q is used. Each difference becomes flat for small ρ, indicating that only single logs in the distribution remain.
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FIG. 8: The difference between EVENT2 and (a) the global logs and (b) the global and leading NGLs for the ρ distribution,
using the C/A algorithm. The coefficient of σ0(αs/2pi)
2CFCA in the difference is plotted. Five R values are shown, and
Λ = 0.01Q is used. Each difference becomes flat for small ρ, indicating that only single logs in the distribution remain.
0.1
0.6
1.0
1.16
1.3
-7 -6 -5 -4 -3 -2 -1 0
-10
0
10
20
30
40
log10 Ρ
D
Σ
gl
ob
al
HΡL
kT algorithm
(a)
0.1
0.6
1.0
1.16
1.3
-7 -6 -5 -4 -3 -2 -1 0
-15
-10
-5
0
5
log10 Ρ
D
Σ
HΡL
kT algorithm
(b)
FIG. 9: The difference between EVENT2 and (a) the global logs and (b) the global and leading NGLs for the ρ distribution,
using the kT algorithm. The coefficient of σ0(αs/2pi)
2CFCA in the difference is plotted. Five R values are shown, and Λ = 0.01Q
is used. Each difference becomes flat for small ρ, indicating that only single logs in the distribution remain.
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C. Remarks on Soft Factorization
KSZ proposed that the soft function S(kL, kR,Λ) in
Eq. (6), at least in the regime Λ < kL,R  QR  Q,
factorizes to all orders in αs into an in-jet and out-of-jet
piece,
S(kL, kR,Λ) = Sin(kL, kR)Sout(Λ) , (71)
without any additional factor like SNG in our Eq. (7) con-
taining logs of Λ/kL,R. KSZ recognized that Sin(kL, kR)
can contain logs of kL/kR and does not factorize na¨ıvely,
but went on to claim that the out-of-jet piece factors off
completely. Their proof relied on the absence of any logs
of Λ/kL,R in S(kL, kR,Λ). We have shown above that
such NGLs do in fact arise at O(α2s) for any value of the
ratio Λ/kL,R and that therefore Eq. (71) does not hold.
Instead S takes the form we derived in Eq. (7).
KSZ provided evidence for their claim by comparing
their prediction, assuming NGLs of Λ/kL,R are absent, to
theO(α2s) QCD prediction from EVENT2, using the C/A
algorithm with R = 1.16 and Λ = 0.01Q. From our cal-
culation and EVENT2 analysis, we observe that the C/A
NGL coefficient for this choice of R and Λ is too small
to be resolved in the corresponding plot of [40] (Fig. 1 in
v1 or Fig. 7 in v2), which plots the distribution down to
ρ ∼ 10−4. Our calculation of fC/AOR in Eq. (36) and com-
parison to EVENT2 shown in Fig. 8 demonstrate that
the NGL 2α2sCFCAf
C/A
OR (R) ln
2(2Λ tan R2 /Qρ) is clearly
present (which, as one realizes from our calculations
above, is also implicit in the results of [30]). Furthermore,
based on the results for NGLs in hemisphere soft func-
tions in [21, 22], we expect single NGLs of Λ/kL,R and
non-global non-logarithmic functions of Λ/kL,R to arise
in S(kL, kR,Λ) and also violate the KSZ ansatz Eq. (71).
VI. CONCLUSIONS
We have derived the leading NGLs of ratios of jet
masses m1,2 and an energy veto Λ on additional jets in di-
jet cross sections σ(m21,m
2
2,Λ) using several different jet
algorithms. We confirm earlier qualitative findings about
the effects of jet sizes R and clustering in recombination
algorithms on the size of NGLs involving a jet veto pa-
rameter, and in addition provide the full algorithmic and
R dependence for NGLs involving both jet masses and
vetoes for the first time. Ours is also the first explicit
calculation in the framework of effective field theory of
the leading O(α2s) NGLs in a soft function appearing in
the factorization theorem for an exclusive jet cross sec-
tion involving a jet veto.
We confirm the insight of [20] that the action of clus-
tering by recombination algorithms reduces the size of
NGLs in general. The larger the phase space in which
soft gluons can be recombined, the smaller the NGLs.
This is also borne out by the R dependence of the in-out
NGLs and in-in NGLs.
Our calculation makes clear that NGLs arise from soft
gluons anywhere in the separated regions of phase space
into which they are allowed to go, and not only from those
splitting right along the boundary. Although the latter
give the largest numerical contribution, as seen in the
behavior of Eq. (24) as η1 − η2 → 0, the enhancement
is not parametrically large, and gluons with significant
angular separation still give non-negligible contributions
to NGL. Thus observables sensitive to soft gluons in any
separated regions of phase space probed with different
soft scales are prone to NGLs. From the EFT point of
view, sensitivity of soft modes to any disparate soft scales
generates non-global dependence on the ratio of those
scales in the soft function.
Going beyond the explicit calculations of the leading
NGLs of jet masses and vetoes, we uncovered strong rela-
tions among the coefficients of the in-in and in-out NGLs
and the contributions to NGLs from diagrams with glu-
ons in the same region of phase space (both gluons in the
same jet or both outside the jets). We did this by ex-
tending our insight in [21] that in EFT, NGLs are built
out of contributions from regions of phase space where
two gluons enter separated regions or the same region,
each contributing a log of the factorization scale µ over
a single scale—kL,R if both gluons enter the same jet,
Λ if both lie outside the jets, and intermediate scales√
kL,RΛ or
√
kLkR if the gluons enter separated regions
(cf. Eq. (22)). IR safety of the soft function and RG
invariance require the coefficients of these logs all to be
related so that they add up to the µ-independent NGLs
of kL/kR and Λ/kL,R. By considering the possible de-
pendence of these coefficients on separate jet radii RL,R,
we derived new relations among the coefficients of all the
different contributions to NGLs.
The above lessons about the properties of and methods
to calculate NGLs are directly applicable to exclusive jet
cross sections in hadron collisions such as at the LHC.
Gaining control of and resumming NGLs or using meth-
ods that minimize their impact on jet cross sections will
be essential to achieving precise theoretical predictions.
In the quest to resum NGLs using an EFT framework,
a physical picture is important to recognize non-global
observables and understand the implication for factor-
ization theorems. While some elements of the physical
picture drawn above have previously been noticed, they
are often not appreciated sufficiently so as to make ob-
vious the structure of NGLs and when they will appear
in cross sections. We have studied in detail the NGLs
that appear in measurements of jet masses in exclusive
jet cross sections with a jet veto. We hope that this
work has made clear the source of NGLs, providing both
better intuition for non-global observables and a quanti-
tative EFT-based approach to study them.
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Appendix A: Global Logs from RGE
The parts of the cross section Eq. (63) predicted by
RG evolution are given by (cf. [33, 34, 48])
Σin(ρ) = σ0H(µH)e
KH(µ,µH)+2KJ (µ,µJ )+2K
in
S (µ,µS)
×
(
µH
Q
)ωH(µ,µH)( µ2J
Q2ρ
)2ωJ (µ,µJ )(µS tan R2
Qρ
)2ωinS (µ,µS)−Ω
× J˜2
(
ln
µ2J
QµS tan
R
2
+ ∂Ω
)
S˜2in(∂Ω)
×
(µS tan R2
Qρ
)Ω
eγEΩ
Γ(1− Ω)

(A1)
and
Σout(ρ) = Sout(µΛ)
(µΛ
2Λ
)ωoutS (µ,µΛ)
eK
out
S (µ,µΛ) , (A2)
where in Eqs. (A1) and (A2), Ω = 2ωJ(µ, µJ) +
2ωinS (µ, µS), and each factor KF ≡ KF (µ, µF ), ωF ≡
ωF (µ, µF ) is given by the cusp and non-cusp parts of
the anomalous dimension of F by
KF (µ, µ0) =
∫ µ
µ0
dµ′
µ′
(
2ΓF [αs(µ
′)] ln
µ′
µ0
+ γF [αs(µ
′)]
)
,
(A3a)
ωF (µ, µ0) =
2
jF
∫ µ
µ0
dµ′
µ′
ΓF [αs(µ
′)] , (A3b)
which are given to O(α2s) by
KF (µ, µF ) =
αs(µ)
4pi
(
Γ0F ln
2 µ
µF
+ γ0F ln
µ
µF
)
+
(
αs(µ)
4pi
)2 [
2
3
Γ0Fβ0 ln
3 µ
µF
(A4a)
+ (γ0Fβ0 + Γ
1
F ) ln
2 µ
µF
+ γ1F ln
µ
µF
]
ωF (µ, µF ) =
2
jF
{
αs(µ)
4pi
Γ0F ln
µ
µF
(A4b)
+
(
αs(µ)
4pi
)2 [
Γ0Fβ0 ln
2 µ
µF
+ Γ1F ln
µ
µF
]}
,
where the constant jF in Eqs. (A3b) and (A4b) is 2 for
F = J and 1 otherwise.
The anomalous dimensions ΓF , γF appearing in
Eqs. (A3) and (A4) are given by
ΓF (αs) =
∞∑
n=0
(αs
4pi
)n+1
ΓnF , γF (αs) =
∞∑
n=0
(αs
4pi
)n+1
γnF ,
(A5)
where the ΓF pieces for each function F are proportional
to the cusp anomalous dimension,
ΓJ = 2CFΓcusp , Γ
in
S = −CFΓcusp , (A6)
with
Γ0cusp = 4 , Γ
1
cusp = 4CA
(
67
9
− pi
2
3
)
− 40
9
nF , (A7)
and the non-cusp anomalous dimensions are given for the
inclusive jet function by
γ0J = 6CF (A8a)
γ1J = C
2
F (3−4pi2+48ζ3) + CFCA
(
1769
27
+
22pi2
9
−80ζ3
)
− CFTRnF
(
484
27
+
8pi2
9
)
(A8b)
for the in-cone soft function by
γ0S = 0 (A9a)
γ1S = CFCA
(
−808
27
+
11pi2
9
+ 28ζ3
)
+ CFTRnF
(
224
27
− 4pi
2
9
)
− 1
2
γ(R) ,
(A9b)
and for the out-of-cone soft function by
Γout = 0 , γout = 2CFΓcusp ln tan
2 R
2
+ γ(R) . (A10)
The anomalous dimensions Eqs. (A9) and (A10) have
not yet been calculated explicitly beyond O(αs) for jets
with non-hemisphere radii R, but can be deduced from
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the known hard and inclusive jet anomalous dimensions
to O(α3s) and consistency of RG evolution. The relation
Eq. (A10) between γout and the universal cusp anomalous
dimension was proposed in [33, 34] based on consistency
of the RG evolution in the factorization theorem Eq. (3).
The term γ(R) is not yet known, but it must vanish at
R = pi/2 and should be non-singular as R → 0. It must
also cancel in the sum 2γ1S + γout.
The hard anomalous dimensions are constrained by the
requirement of consistency of RG running to be ΓH =
−2ΓJ − 2ΓinS and γH = −2γJ − 2γinS − γoutS . We also use
the beta function coefficient β0 = (11CA − 2nF )/3.
The fixed-order hard, jet, and soft functions in
Eqs. (A1) and (A2) are all given to O(α2s) by
F (µF ) = 1 +
αs(µF )
4pi
(
Γ0F ln
2 µF
QF
+ γ0F ln
µF
QF
+ c1F
)
+
(
αs(µF )
4pi
)2 [
1
2
(
Γ0F
)2
ln4
µF
QF
+
(
Γ0F γ
0
F +
2
3
Γ0Fβ0
)
ln3
µF
QF
+
(
1
2
(γ0F )
2 + γ0Fβ0 + Γ
1
F + c
1
FΓ
0
F
)
ln2
µF
QF
+ (γ1F + c
1
F γ
0
F + 2c
1
Fβ0) ln
µF
QF
+ c2F
]
. (A11)
For the jet and in-cone soft functions J˜ , S˜in in Eq. (A1),
each log in Eq. (A11) should be replaced by the dif-
ferential operator appearing in the arguments given in
Eq. (A1). The scale QF appearing in the logs for each
function F = H,J, Sin, Sout is
QH = Q , QJ = Q
√
ρ , QinS =
Qρ
tan R2
, QoutS = 2Λ .
(A12)
Thus it is most natural to evaluate each function F (µF )
in Eqs. (A1) and (A2) at the canonical scale µF = QF ,
but the expressions Eqs. (A1) and (A2) are invariant un-
der different choices of µF .
The constants c1F in the O(αs) fixed-order functions F
are given by
c1H = −CF
(
16− 7pi
2
3
)
(A13a)
c1J = CF
(
7− pi2)+ Γ0J
4
pi2
6
(A13b)
c1Sin = CF
pi2
6
+ Γ0S
pi2
6
(A13c)
c1Sout = −CF
[
2 ln2 tan2
R
2
+
2pi2
3
+ 8 Li2
(
−tan2 R
2
)]
.
(A13d)
The one-loop in- and out-of-cone soft function constants
were first derived in [34]. The two-loop constants c2F
in Eq. (A11) are known for the hard [49] and jet [47]
functions, but not yet for the in- and out-of-cone soft
functions. We do not need the constants c2F in this paper
since we only study the logarithmic behavior of Σ(ρ,Λ)
at O(α2s).
Appendix B: Leading Non-Global Contributions to
Soft Function at O(α2s)
The “In-Out” or “In-In” soft functions in Sec. III and
Sec. IV are defined by
SOL,OR,LRNG (kL,R,Λ) =
∑
j
∫
dDk1
(2pi)D
dDk2
(2pi)D
×Aj(k1, k2)M[OL,OR,LR]k1,k2 (kL,R,Λ)C(k1)C(k2)
(B1)
where j = {I, T ,G,H,Q} sums over different O(α2s)
cut Feynman diagram topologies (independent emis-
sion, three-gluon vertex, gluon bubble, ghost bubble,
and quark bubble, respectively) with two real gluons
in the final state. The I, T diagrams are illustrated
in Fig. 10. The cut propagators give factors C(k1,2) =
2piδ(k21,2)θ(k
0
1,2), where k
0
i = (n·ki + n¯·ki)/2. The func-
tions M[OL,OR,LR] impose the measurements on the two
final-state gluons, giving the contributions of the possible
ways that two gluons can go into separate regions.
M[OL]k1,k2(kL,R,Λ) = δ(kL−ΘLn·k1)δ(kR)δ(Λ−Θoutk02)
+ (1↔2) (B2a)
M[OR]k1,k2(kL,R,Λ) = δ(kL)δ(kR−ΘRn¯·k2)δ(Λ−Θoutk02)
+ (1↔2) (B2b)
M[LR]k1,k2(kL,R,Λ) = δ(kL−ΘLn·k1)δ(kR−ΘRn¯·k2)δ(Λ)
+(1↔2) , (B2c)
where ΘL,R are the phase space constraints restricting
gluon 1 or 2 to be in the left or right jet, and Θout restricts
gluon 1 or 2 to be outside both jets. Their form depends
on the algorithm used to find the jets.
Expressions for all the matrix elements Aj are given
in Appendix B of Ref. [21]. In general covariant gauge,
the leading NGL comes only from the sum of I and T
diagrams proportional to the color factor CFCA. This
contribution to the total amplitude is
(AICFCA +AT )leading = 4g4CFCAµ4
k⊥1 ·k⊥2
k1 ·k2
× 1
n·k1 n¯·k1 n·k2 n¯·k2 ,
(B3)
in D = 4− 2 dimensions. Since the matrix elements are
symmetric in 1↔ 2, the symmetrized terms in Eq. (B2)
just give factors of 2.
The leading contribution to the non-global parts of the
soft function SORNG in Eq. (B1) is then given, after inte-
grating over k+1 , k
−
2 and k
⊥
1,2 and converting to the MS
18
FIG. 10: O(α2s) real emission diagrams contributing to leading NGLs. The endpoints of the gluons can be attached to the
points on the Wilson lines labeled by a ‘x’ in any order. Figure (a) gives the I diagrams, (b) and (c) give the T diagrams.
scheme, by
SORNG(kL,R,Λ) =
α2sCFCA
pi2
(µ2eγE )2
Γ(1− )2 δ(kL)
×
∫ ∞
0
dk−1 (kRk
−
1 )
−1−
∫ ∞
0
dk+2 (k
+
2 )
−1−(2Λ− k+2 )−1−
× Γ(1− )√
piΓ
(
1
2 − 
) ∫ pi
0
dφ
z sin−2 φ
1 + z2 − 2z cosφΘRΘout ,
(B4)
where z ≡
√
k−1 k
+
2 /[kR(2Λ− k+2 )]. A similar formula
holds for SOLNG. Meanwhile, the leading contribution to
SLRNG takes the form
SLRNG(kL,R,Λ) =
α2sCFCA
pi2
(µ2eγE )2
Γ(1− )2 δ(Λ)
×
∫ ∞
0
dk−1 (kRk
−
1 )
−1−
∫ ∞
0
dk+2 (kLk
+
2 )
−1−
× Γ(1− )√
piΓ
(
1
2 − 
) ∫ pi
0
dφ
w sin−2 φ
1 + w2 − 2w cosφΘRΘL ,
(B5)
where w ≡
√
k−1 k
+
2 /(kRkL).
For the cone or anti-kT algorithms, the theta functions
ΘR,L,out take the form
ΘR=θ
(kR
k−1
<tan2
RR
2
)
, ΘL=θ
( kL
k+2
<tan2
RL
2
)
(B6a)
Θout = θ
( k+2
2Λ−k+2
>tan2
RR
2
)
θ
(2Λ−k+2
k+2
>tan2
RL
2
)
.
(B6b)
Then it becomes natural to rescale variables in Eqs. (B4)
and (B5) by k−1 = kRx/ tan
2 RR
2 , and k
+
2 = 2Λy or
k+2 = kLy/ tan
2 RL
2 . We group the factors of RL,R and
2Λ with the -dependent prefactors in Eqs. (B4) and
(B5) and expand the remaining integrand to leading or-
der in , as the subleading terms do not contribute to
the leading NGL. This results in the particular group
of terms appearing in SOR,LRNG given in Eqs. (20) and
(21), which we have generalized to other algorithms. We
also changed variables from the remaining light-cone mo-
menta in Eqs. (B4) and (B5) to the rapidities of gluons
1 and 2 relative to jet axis 1 to express the coefficients
fOR,OL,LR in the form given in Eq. (24).
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